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In this work, we study the existence of nodal solutions for the following problem:
ϕp(u′)
′ + λa(t)f (u) = 0, t ∈ (0, 1),
u(0) = u(1) = 0,
where ϕp(s) = |s |p−2 s, a ∈ C([0, 1], [0,+∞)) with a ≢ 0 on any subinterval of [0, 1]
and f : R → R is continuous with f (s)s > 0 for s ≠ 0. We give the intervals for
the parameter λ which ensure the existence of single or multiple nodal solutions for the
problem if f0 ∉ (0,+∞) or f∞ ∉ (0,+∞), where f (s)/ϕp(s) approaches f0 and f∞ as s
approaches 0 and∞, respectively.Weuse bifurcation techniques to prove ourmain results.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In the natural sciences, there are various concrete problems involving bifurcation phenomena, for example, Taylor
vortices [1], catastrophic shifts in ecosystems [2] and shimmy oscillations of an aircraft nose landing gear [3]. In [4],
Rabinowitz established unilateral global bifurcation theorems. However, as pointed out by Dancer [5,6] and López-
Gómez [7], the proofs of these theorems contain gaps. Fortunately, Dancer [5] gave a corrected version of the unilateral
global bifurcation theorem for linear operators, which has been extended to the one-dimensional p-Laplacian problem by
Dai and Ma [8].
On the basis of the unilateral global bifurcation result which they obtained, Dai and Ma [8] also considered the existence
of nodal solutions for the following one-dimensional p-Laplacian 0-Dirichlet problem:
ϕp(u′)
′ + f (t, u) = 0, t ∈ (0, 1),
u(0) = u(1) = 0, (1.1)
where ϕp(s) = |s|p−2s and f ∈ C([0, 1] × R,R). Under the hypothesis of f (x, s)/ϕp(s) crossing the kth eigenvalue of the
following problem:
ϕp(u′)
′ + µϕp(u) = 0, t ∈ (0, 1),
u(0) = u(1) = 0,
they proved that problem (1.1) possesses at least two solutions u+k and u
−
k such that u
+
k has exactly k − 1 simple zeros in
(0, 1) and is positive near 0, and u−k has exactly k− 1 simple zeros in (0, 1) and is negative near 0.
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In [9,10], the authors established the existence and multiplicity results for nodal solutions of problem (1.1) with p = 2,
f (t, s) = λa(t)f (s) and either f0 = 0, f∞ = +∞ or f0 = +∞, f∞ = 0, where f0 = lim|s|→0 f (s)/s and f∞ = lim|s|→+∞ f (s)/s.
For p ≠ 2, Del Pino et al. [11] investigated the existence of solutions for (1.1) using the Leray–Schauder degree through
the deformation along p. In [12], Del Pino and Manásevich established Rabinowitz type global bifurcation results for high-
dimensional p-Laplacian problems and applied them to prove existence for some problemswith crossing nonlinearity. Later,
Del Pino et al. [13] obtained similar results for the existence of T -periodic solutions of a second-order quasilinear ODE.
Motivated by the above papers, we investigate the problems of the type
ϕp(u′)
′ + λa(t)f (u) = 0, t ∈ (0, 1),
u(0) = u(1) = 0, (1.2)
where a(t) ≥ 0 and a(t) ≢ 0 on any subinterval of [0, 1] is a continuous weight function. In [8], we have pointed out that
the assumption of λa(t)f (s)
ϕp(s)
crossing λk(p) is equivalent to the conditions f0, f∞ ∈ (0,+∞) and λk/f∞ < λ < λk/f0 (λk/f∞ >
λ > λk/f0), where f0, f∞ ∈ R \ R− are such that
f0 = lim
s→0
f (s)
ϕp(s)
and f∞ = lim|s|→+∞
f (s)
ϕp(s)
and λk is the kth eigenvalue of the following problem:
ϕp(u′)
′ + λa(t)ϕp(u) = 0, t ∈ (0, 1),
u(0) = u(1) = 0.
Of course, the natural question is that of what would happen if f0 ∉ (0,+∞) or f∞ ∉ (0,+∞). Obviously, the previous
result cannot deal with this case. The purpose of this work is to establish several results similar to those of [8].
The main methods used in this work are unilateral global bifurcation techniques and the approximation of connected
components, which are different from the methods used in [11–13]. Moreover, we consider the cases of f0 ∉ (0,+∞) or
f∞ ∉ (0,+∞)while the authors of [11–13] only studied the cases of f0 ∈ (0,+∞) and f∞ ∈ (0,+∞).
The rest of this work is arranged as follows. In Section 2, we give the intervals for the parameter λ which ensure the
existence of single or multiple nodal solutions for (1.2) under some suitable assumptions for the nonlinearity f . In Section 3,
we give several remarks on our results.
2. Nodal solutions
In this section, we use Theorem 3.2 of [8] to prove the existence of nodal solutions for problem (1.2) with f0 ∉ (0,+∞)
or f∞ ∉ (0,+∞).
Throughout this work, we always suppose that f satisfies the following signum condition.
(H) f ∈ C(R,R)with f (s)s > 0 for s ≠ 0.
Clearly, (H) implies f (0) = 0. Hence, u = 0 is always the solution of (1.2). Applying Theorem 3.2 of [8], we shall establish
the existence of nodal solutions of (1.2) as follows.
Theorem 2.1. If f0 ∈ (0,+∞) and f∞ = 0, then for any λ ∈ (λk/f0,+∞), (1.2) has two solutions u+k and u−k such that u+k has
exactly k− 1 simple zeros in (0, 1) and is positive near 0, and u−k has exactly k− 1 simple zeros in (0, 1) and is negative near 0.
Proof. Let E be the Banach space C10 [0, 1]with the norm
∥u∥ = max ∥u∥∞, ∥u′∥∞
and ζ ∈ C(R) be such that f (s) = f0ϕp(s) + ζ (s) with lims→0 ζ (s)ϕp(s) = 0. Applying Theorem 3.2 of [8] to problem (1.2), we
have that there are two distinct unbounded continua, C+k and C
−
k , consisting of the bifurcation branch Ck emanating from
(λk/f0, 0), such that
Cνk ⊂
{(λk, 0)} ∪ (R× Sνk ) ,
where ν ∈ {+,−}, S+k denotes the set of functions in E which have exactly k− 1 interior nodal (i.e. non-degenerate) zeros
in (0, 1) and are positive near t = 0, and S−k = −S+k .
Clearly, Cνk ∩ ({0} × E) = ∅ since (0, 0) is the only solution of (1.2) for λ = 0. Hence, to complete this theorem, it will
be enough to show that Cνk is unbounded in the direction of the λ-axis. Luckily, Lemma 4.2 of [14] implies this. 
Theorem 2.2. If f0 ∈ (0,+∞) and f∞ = +∞, then for any λ ∈ (0, λk/f0), (1.2) has two solutions u+k and u−k such that u+k has
exactly k− 1 simple zeros in (0, 1) and is positive near 0, and u−k has exactly k− 1 simple zeros in (0, 1) and is negative near 0.
Proof. Using Theorem 3.2 of [8], and Lemmas 4.4 and 4.5 of [14], we can easily get the conclusion. 
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Theorem 2.3. If f0 = 0 and f∞ ∈ (0,+∞), then for any λ ∈ (λ1/f∞,+∞), (1.2) has two solutions u+k and u−k such that u+k
has exactly k − 1 simple zeros in (0, 1) and is positive near 0, and u−k has exactly k − 1 simple zeros in (0, 1) and is negative
near 0.
Proof. If (λ, u) is any solution of (1.2) with ∥u∥ ≢ 0, dividing (1.2) by ∥u∥2(p−1) and settingw = u/∥u∥2 yields−

ϕp(w
′)
′ = λa(t) f (u)∥u∥2(p−1)

in 0 < t < 1,
w(0) = w(1) = 0.
(2.1)
Define
f (w) =
∥w∥2(p−1)f

w
∥w∥2

, ifw ≠ 0,
0, ifw = 0.
Clearly, (2.1) is equivalent to− ϕp(w′)′ = λa(t)f (w) in 0 < t < 1,
w(0) = w(1) = 0. (2.2)
It is obvious that (λ, 0) is always the solution of problem (2.2). By simple computation, we can show thatf0 = f∞ andf∞ = f0.
Now, applying Theorem 2.1 and the inversionw→ w/∥w∥2 = u, we can achieve the conclusion. 
Applying Theorem 3.2 of [8] and a similar method to prove [15, Theorem 3.7] with obvious changes, we may obtain the
following result.
Theorem 2.4. If f0 = 0 and f∞ = +∞, then for any λ ∈ (0,+∞), (1.2) has two solutions u+k and u−k such that u+k has exactly
k− 1 simple zeros in (0, 1) and is positive near 0, and u−k has exactly k− 1 simple zeros in (0, 1) and is negative near 0.
Theorem 2.5. If f0 = +∞ and f∞ = 0, then for any λ ∈ (0,+∞), (1.2) has two solutions u+k and u−k such that u+k has exactly
k− 1 simple zeros in (0, 1) and is positive near 0, and u−k has exactly k− 1 simple zeros in (0, 1) and is negative near 0.
Proof. By an argument similar to that of Theorem 2.3 and the conclusion of Theorem 2.4, we can prove it. 
Theorem 2.6. If f0 = +∞ and f∞ ∈ (0,+∞), then for any λ ∈ (0, λ1/f∞), (1.2) has two solutions u+k and u−k such that u+k
has exactly k − 1 simple zeros in (0, 1) and is positive near 0, and u−k has exactly k − 1 simple zeros in (0, 1) and is negative
near 0.
Proof. By an argument similar to that of Theorem 2.3 and the conclusion of Theorem 2.2, we can obtain it. 
Next, we shall need the following topological lemma.
Lemma 2.1 (See [16]). Let X be a metric space and let Sn be a sequence of connected subsets of X. Let us have:
(i) lim inf(Sn) ≠ ∅;
(ii) ∪Sn is pre-compact.
Then S =: lim sup(Sn) is (non-empty and) compact and connected.
Theorem 2.7. If f0 = +∞ and f∞ = +∞, then there exists λ+ > 0 such that for any λ ∈

0, λ+

, (1.2) has two solutions u+k,1
and u+k,2 such that they have exactly k− 1 simple zeros in (0, 1) and are positive near 0. Similarly, there exists λ− > 0 such that
for any λ ∈ 0, λ−, (1.2) has two solutions u−k,1 and u−k,2 such that they have exactly k−1 simple zeros in (0, 1) and are negative
near 0.
Proof. Define
fn(s) =

nϕp(s), s ∈

−1
n
,
1
n

,
f

2
n

− 1
np−2

ns+ 2
np−2
− f

2
n

, s ∈

1
n
,
2
n

,
−

f

−2
n

+ 1
np−2

ns− 2
np−2
− f

−2
n

, s ∈

−2
n
,−1
n

,
f (s), s ∈

−∞,−2
n

∪

2
n
,+∞

.
G. Dai / Applied Mathematics Letters 26 (2013) 46–50 49
Now, consider the following problem:
ϕp(u′)
′ + λa(t)fn(u) = 0, t ∈ (0, 1),
u(0) = u(1) = 0.
Clearly, we can see that limn→+∞ fn(s) = f (s), (fn)0 = n and (fn)∞ = f∞ = +∞. Theorem 2.2 implies that there exists a
sequence of unbounded continua

Cνk

n emanating from (λk/n, 0) and joining to (0,+∞).
Clearly, (0, 0) ∈ lim infn→+∞

Cνk

n and∪

Cνk

n is pre-compact. By Lemma 2.1, we obtain thatC
ν
k = lim supn→+∞

Cνk

n
is non-empty, compact and connected. It is easy to verify that (0,+∞) ∈ Cνk and joins to (0, 0). 
Theorem 2.8. If f0 = 0 and f∞ = 0, then there exists λ+∗ > 0 such that for any λ ∈

λ+∗ ,+∞

, (1.2) has two solutions u+k,1 and
u−k,2 such that they have exactly k− 1 simple zeros in (0, 1) and are positive near 0. Similarly, there exists λ−∗ > 0 such that for
any λ ∈ λ−∗ ,+∞, (1.2) has two solutions u−k,1 and u−k,2 such that they have exactly k−1 simple zeros in (0, 1) and are negative
near 0.
Proof. Define
gn(s) =

1
n
ϕp(s), s ∈

−1
n
,
1
n

,
f

2
n

− 1
np

ns+ 2
np
− f

2
n

, s ∈

1
n
,
2
n

,
−

f

−2
n

+ 1
np

ns− 2
np
− f

−2
n

, s ∈

−2
n
,−1
n

,
f (s), s ∈

−∞,−2
n

∪

2
n
,+∞

.
Now, consider the following problem:
ϕp(u′)
′ + λa(t)gn(u) = 0, t ∈ (0, 1),
u(0) = u(1) = 0.
By the conclusions of Theorem 2.1 and an argument similar to that of Theorem 2.7, we can get the result. 
3. Remarks
In this section, we give some remarks on the main results of this work.
Remark 3.1. Clearly, the results of Theorems 2.1 and 2.2 improve on the corresponding results of [14]. We can also get, in
line with the global existence results of [14, Theorems 3.6, 3.10, 3.15, 3.18 and Corollaries 4.7, 4.8], some unilateral global
existence results. Since the proofs are the same as those of [14], we omit them here.
Remark 3.2. We also would like to point out that although the results of Theorems 2.4 and 2.5 are the same as the
corresponding results of [15], our proofs are based on the unilateral global bifurcation theorem which we obtained in [8]
instead of the method of [4] which is used by the authors of [15]. As we have pointed in [8], the proofs of Theorems 1.27
and 1.40 of [4] contain gaps. So our results correct the corresponding results of [15] in this sense. Consequently, the results
of Theorems 2.4 and 2.5 extend and correct the corresponding results of [9,10].
Remark 3.3. In view of Theorem 2.7, we can see that there exists λ+0 ≥ λ+ such that for all λ ∈ [λ+, λ+0 ], (1.2) has at least
one solution such that it has exactly k− 1 simple zeros in (0, 1) and is positive near 0. Similarly, there exists λ−0 ≥ λ− such
that for all λ ∈ [λ−, λ−0 ], (1.2) has at least one solution such that it has exactly k − 1 simple zeros in (0, 1) and is negative
near 0.
Remark 3.4. Like in Remark 3.1, from Theorem 2.8, we can see that there exists λ+∗∗ ≤ λ+∗ such that for all λ ∈ [λ+∗∗, λ+∗ ],
(1.2) has at least one solution such that it has exactly k−1 simple zeros in (0, 1) and is positive near 0. Similarly, there exists
λ−∗∗ ≤ λ−∗ such that for all λ ∈ [λ−∗∗, λ−∗ ], (1.2) has at least one solution such that it has exactly k − 1 simple zeros in (0, 1)
and is negative near 0.
Remark 3.5. By Remark 3.3 of [8], we can see that if the assumption ‘‘a(t) is a continuous functionwith a(t) ≥ 0’’ is replaced
with ‘‘a(t) ∈ L1(0, 1)with a(t) ≥ 0 a.e.’’, the results of Theorems 2.1–2.8 remain true for the following problem:
ϕp(u′)
′ + λa(t)f (u) = 0, a.e. t ∈ (0, 1),
u(0) = u(1) = 0. (3.1)
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Similarly, using a proof similar to that of Theorem 4.1 of [8], we can also show that the corresponding results of (3.1) for the
case of f0 ∈ (0,+∞) and f∞ ∈ (0,+∞) are also valid if a(t) ∈ L1(0, 1).
Remark 3.6. It is easy to see that the assumption ‘‘a(t) ∈ L1(0, 1), a ≥ 0 a.e. with a ≢ 0 on any subinterval of [0, 1]’’ is
equivalent to ‘‘a ∈ A’’, whereA = {q ∈ L1(0, 1)q ≥ 0 a.e. and I q(s) ds > 0, for any compact interval I in (0, 1)}, which
was proposed by Lee and Sim in [14]. Hence, in view of Remark 3.5, our results from [8] and this work correct, complete and
improve the corresponding ones of [14,15].
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